We examine the efficacy of Dark-mode plasmonics as a platform for enhanced magneto-optics. Dark-mode of a small particle consists of two coexisting equal-intensity and mutually opposing dipolar excitations. Each of these two opposing dipoles may even resonate at or near the dark-mode frequency, but the net dipole moment vanishes due to the mutual cancelation between the opposing dipoles. We show that application of external magnetic bias may alleviate the intense destructive interference. Furthermore, under external magnetic bias the opposing dark-resonances of a plasmonic particle shift in opposite directions and create a region of extremely sensitive Faraday rotation. We show that the magnetized dark resonance in lossless Ag-like particle may provide more than 20 degrees rotation under magnetic fields of the order of 1-2 Tesla, exhibiting magneto-plasmonic activity that is 2-3 orders of magnitude larger than that observed in conventional plasmonic particle of the same material.
Dark modes of an open optical structure can be described as states of excitations that incorporate mutually opposing local dipoles whose far-fields interfere destructively. The net dipolar excitation then vanishes, resulting in a significant reduction of the far-field radiation, and consequently a reduction of the associated radiation damping and bandwidth. [1] [2] [3] [4] [5] [6] [7] [8] This, in turn, may trap optical fields in a structure that is inherently coupled to a continuum. More formally, dark modes can be viewed as manifestations of discrete eigenvalues embedded within the continuous spectrum of the associated non-compact scattering operator. Dark modes were suggested as candidates for electromagnetic energy storage, enhanced biological and chemical sensors, and nanoscale waveguides. These modes can be supported by simple structures such as nano-dimers (see, e.g. the "anti-bonding" plasmons in Ref. [ 1] ), trimers,
clustered nano-rods 3 and spheres.
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In a seemingly unrelated research endeavor, nonreciprocal magneto-optics and its implementation for one-way waveguides, optical isolators and circulators, and Faraday rotators, have been under intensive study. [9] [10] [11] [12] [13] [14] Currently the major drawback of nonreciprocal magneto-optics is the requirement for strong magnetic bias B 0 . Efforts to reduce B 0 for various applications (e.g. Faraday polarization rotation) in plasmonic structures can be found, e.g. in. [15] [16] [17] The work in 15 reports on an experimental evidence for a 2-3 fold enhancement of magneto-optical activity in coated nano-particles. The efforts in 16, 17 are limited to graphene metasurfaces.
Here we study the effect of bias magnetization on plasmonic particle dark modes, and explore its potential applications as a new platform for non-reciprocal optics.
As a simple and physically transparent test-case, we consider the core-shell spherical particle shown in Fig. 1 , made of two plasmonic materials with close, but not identical, plasma frequencies. The structure is excited by a linearly polarized local field E L (r) =ẑE L e iky . When properly designed, the linear dipole in the shell (p 1 =ẑp 1 ) and the core (p 2 =ẑp 2 ) resonate and possess equal magnitudes and opposite phases, thus creating a resonating linearly-polarized dark mode. Figure 1 : The particle geometry. The shell and the core are made of Drude-metals with plasma frequencies ω p1,2 , and have radii a 1,2 , respectively.
Under magnetic bias B 0 =ŷB 0 this dark resonance splits into two separate resonances corresponding to elliptically polarized dipoles in the core and the shell.
The ratio between the ellipse's principal axes in each domain is determined by ω b /ω p 1,2 where ω b = −qB 0 /m e is the cyclotron frequency. Since ω p 1 = ω p 2 the ellipses cannot be identical. They are of nearly destructive interference (dark mode) along the major axis (ẑ) and non-destructive alongx. Hence the net dipole rotates at large angles already at very low B 0 . The principle of this mechanism is illustrated in Fig. 2 .
Finally, we note that the effect of material loss is neglected here. The efforts to combat loss span a wide range of approaches and methods, either passive [18] [19] [20] [21] [22] [23] [24] or active. [25] [26] [27] In the former the use of doping or alloying techniques has lead to new plasmonic materials with ǫ < 0 at the IR and optical ranges, with loss that is five times lower than that of Ag, as reported theoretically and experimentally in [ 19, 20] . Other methods, including e.g. band-engineering or use of TCO's are under current investigation -for an overview see Chapt. 6 in Ref. [ 21] . A somewhat different approach (but still passive) is the "spoof-plasmon" idea [22] [23] [24] in which one mimics a plasmonic wave and ǫ < 0 in patterned metals at much lower frequencies, Figure 2 : Illustration of the physical mechanism which generates the large polarization rotation angles. Each of the polarization ellipses represent the dipole response inside one component of our core-shell structure. They are only slightly rotated from the vertical exciting field. However, in the chosen operation regime, the principal axes nearly cancel each other, where the minor axes do not (this is possible since the ellipses have different principle axes) resulting in a net polarization ellipse that is significantly rotated.
where the metal loss is practically zero. This approach has been applied also for non-reciprocal devices [ 24] . Using active approach, complete loss compensation by gain using spasers is discussed e.g. in Chapt. 1 in Ref. [ 25] . Core-shell particles of metallic shell and dielectric core with embedded fluorescent dyes for gain are studied in [ 26] . A reversed geometry with loss compensating gain is studied in [ 27] . To contrast, we stress that the magnetic fields required to achieve a useful non-reciprocity in nano photonics are many orders of magnitude stronger than any practical level, and this fact is independent of material loss. As we show below, the Faraday rotation in a conventional plasmonic particle, achieved by field strengths of 1.5T, is a fraction of a degree even if the particle is made of lossless Drude-like metal.
Hence, the efforts described above to combat loss, as successful as they prove to be, will not solve the problem of achieving practical non-reciprocity in nano-particles.
This problem deserves a research endeavor by its own; this goal is addressed here.
Formulation
Consider the core-shell spherical plasmonic particle shown in Fig. 1 . The shell (core)
is made of Drude-metals with plasma frequency ω p1 and tensor electric susceptibility χ 1 (ω p2 and χ 2 ). The outer shell radius and core radius are a 1 and a 2 , respectively.
The particle is electrically small hence we use polarizability theory and discrete dipole approximation to model the particle's dynamics. The particle response to an exciting electromagnetic field is fully characterized by the dipole response
where E L is the local electric field and α is the particle's dynamic polarizability tensor. It can be written as
where α h is the static polarizability, and the imaginary term on the right represents radiation damping. 35 We derive α h by solving the Laplace equation under z-directed local electric field E L , with the appropriate boundary conditions. For non-magnetized particle the problem reduces to a core-shell spherical structure with scalar permittivities ǫ 2,1 . Analytic expressions for the corresponding α h can be found, e.g. in. 28 Isotropic core-shell particles were suggested also for a variety of applications, including compact waveguides, 29, 30 non-linear switches, 31 absorbers, 32 and more. However, under magnetization χ 1,2 become tensors. To the best of our knowledge, a study of the polarizability and dipole-responses of the entire structure and of the shell and core regions for tensor χ 1,2 are not currently available in the literature. See Supporting Information (SI) for analytical derivation of the fields, core and shell polarization, and polarizability of the magnetized core-shell particle.
In the SI and below we also compare the results of this analysis to exact full-wave simulations using the CST c commercial software.
Results
Using to the resonance of a uniform sphere in the sense that the dipolar moments of the shell and core are in-phase, and the associated polarization densities are very similar. In contrast, the upper one resembles a dark-mode nature -the dipolar moments are in opposite phases. We concentrate here on the upper resonance. Figure 3 shows the shell and core dipoles p 1,2 = v 1,2 P 1,2 dv where v 1,2 are the shell and core volumes, and P 1,2 are their polarization densities. Throughout the entire domain
The equality is exact at the "dark point" ω d /ω p1 = 0.9984052 where α vanishes, and so does the net dipolar moment of the entire particle. At this level of magnetization both are hidden within a single line-shape (since the line-width, due to radiation damping, is larger than the split). As seen, at 
Applications
Consider a metasurface made of periodic two-dimensional array of our dark-mode particles, shown schematically in Fig. 7 . It can be used as a Faraday rotator for applications such as optical isolators. The array of rotated dipoles would generate also a net rotated E-field, in the same manner as suggested, e.g. in.
17 There is a well established and accurate theory for the electrodynamic properties of such metasurfaces-see e.g. Sec. 4.5 in 36 -and its application to the present particles is straightforward. We note that this theory takes into account the dipole-dipole interaction in the array and its effect on the reflection and transmission (see e.g. the Figure 6: Dipole tilt and ellipticity angles ψ, θ e under magnetization of 1.5T in Aglike core-shell particle. The inset shows the lower-resonance domain. The "dark point" and "dark resonance" refer to their locations in the pre-magnetized particle, and ∆f is the shift in GHz from the central frequency of Fig. 3 , using ω p1 of Ag.
interaction constant β there), as well as the individual particle's properties. with nearly linear polarization. The power transmitted into this tilted field is about 50% of the incident field. As B 0 increases the transmitted field resonance splits into two branches, with large tilt and ellipticity. Essentially the same dynamics is observed for the reflected field in Fig. 9 . Note that for B 0 = 0 the screen resonance is slightly blue-shifted with respect to the resonance of a single unbiased particle (the latter is at ∆ω = 0). This shift is due to the dipole-dipole interactions. Also note that the splitting effect shown for an individual particle in Fig. 4 , exists also
here.
Finally we note that the screen transmission coefficient obtained from the semianalytical approach used here, is compared to that obtained from full-wave simulation using the CST c in Fig. 4 of the SI. Since the latter is computation-intensive the comparison there is done only for the magnetic bias of 1.5Tesla and not as a map of the type shown in Figs. 8,9 here. It is seen that the results agree well. 
The effect of loss
Clearly, material loss degrades the performance of the effect reported here. A parametric study of the dark-mode based Faraday rotation under low material loss is included in the SI. In the range of parameters tested it is seen there that although the tilt angle may be reduced significantly, it is still orders of magnitude larger than the tilt obtained by conventional particles under the same conditions.
Concluding remarks
A preliminary study of a synergetic interaction between dark mode and Faraday rotation is reported. The study uses the core-shell geometry with two nearly equal plasma frequencies as a test-case in which the mathematical analysis is straightforward, and the physical interpretation of the processes involved is simple. Our test-case shows that a profound enhancement of Faraday rotation can be achieved, thus potentially establishing a platform for non-reciprocal optical devices at relatively weak magnetic fields. While the study was carried on a simple test-case, we believe that our conclusions can be generalized and applied to other configurations that support dark-mode states.
Additional content
The The static polarizability α h is derived in Sec. in addition to a discussion regarding the response of the core and the shell separately. The analysis below provides not only the net dipole response of the entire particle, but also the dipole densities P 1,2 excited in the shell and the core regions, as well as the dipolar moment of each of these domains. In Sec. we demonstrate the structure resonances near the dark-mode and their variation due to a bias magnetic field. Details regarding the application to Faraday-rotating screen are discussed in Sec. . The effect of material loss is discussed in Sec. , and details pertaining to the full-wave numerical simulations are provided in Sec. .
Formulation
Under magnetization B 0 =ŷB 0 , χ of a Drude-model metal is given by
withχ xx =χ zz =ω 2 ,χ yy =χ xx −ω Due to the latter the mixed derivative terms cancel. The equation then reads
If ǫ yy = ǫ xx this equation is separable only in oblate or prolate spheroidal coordinates, while our geometry is of spherical symmetry. However, we note that in the regime of parameters relevant for the present work, the relative difference between ǫ xx and ǫ yy is in the order of 10 −6 , and is negligible. We therefor approximate ǫ yy ≈ ǫ xx to render the Laplace operator above separable in the spherical system.
As noted in the main text, the shell (core) is made of Drude-metal with plasma frequency ω p1 (ω p2 ) and tensor electric susceptibility χ 1 (χ 2 ). The outer shell radius and core radius are a 1 and a 2 , respectively. It is convenient to express the electric scalar potential in the entire space by the three scalar potentials Φ e,1,2 for the external domain (r > a 1 ), shell (a 2 < r ≤ a 1 ) and core (r ≤ a 2 ), respectively. We assume now that the particle is excited byẑ-directed local electric field E L ; it is the field in the region, but in the absence of the particle. The corresponding potential is −E L z = −E L r cos θ. Clearly, Φ e should reduce to the latter when r ≫ a 1 , and Φ 1,2 should remain bounded within their respective domains. Up to the first order spherical harmonics (that amount to constant fields + dipole corrections) Φ e,1,2 can be written in terms of the unknown polarizability components α h,zz , α xz = −α zx and six more unknowns, namely
We emphasize that since Φ e is the potential in the external domain, the terms where R is the cartezian-to-spherical transformation. The algebra is tedious but straightforward. The end result is the matrix equation
with the right hand side vector
with the unknown vector a a = (B e , D e , A 1 , B
and where we used 
with u = (a 1 /a 2 ) 3 = V /V 2 where V is the particle volume and V 2 is the core volume.
This equation can be easily solved numerically. Then, the static net polarizability α h of the entire structure is readily obtained from B e , D e . The quasistatic polarizability α is derived from α h via the incorporation of the radiation damping
The shell and core responses
Once the unknown coefficients are determined, the particle's polarizability matrix, the fields, and the internal polarization densities P 1,2 = ǫ 0 χ 1,2 E 1,2 in the shell and core are readily obtained. The total dipole moments p 1,2 of the shell and core are of special interest to the study of the underlying physics. They are given by volume integration of the densities P 1,2 ,
and similarly for p 2 ,
where V 1,2 are the shell and core volumes. In fact, Eqs. (7)- (8) above provide explicit expressions for the separate static polarizabilities α h 1,2 of the shell and the core. If
Eqs. (5a)-(5d) are solved for E L = 1V/m we may write
with
and with the symmetries α hn,xx = α hn,zz , α hn,zx = −α hn,xz for n = 1, 2. These matrices are indeed hermitian since the zz (xz) components have null imaginary (real) part.
Radiative correction for the shell and core
Since p 1,2 are the total dipolar moment of the shell and the core, one obviously must
This equality should hold for both the static and the quasistatic polarizabilities.
While its validity in the static case is guaranteed via the exact solution of Eqs. (5a)-(5d), the quasistatic expression is less transparent; one has to derive the appropriate unique radiation damping corrections for p 1 and p 2 . These corrections are not obtained by a mere application of Eq. (11) to α 1,2 since they mutually transfer power to the far field. To solve this problem we reconcile the DDA with the optical theorem by following essentially the same steps as in. The average power radiated to the far field by a single point dipole is well known.
Its extension to the case of two dipoles p 1,2 located at the origin is straightforward
where † denotes transpose + complex conjugate. Likewise, the power transferred by the local field to the particle's currents is
Using Eq. (11) in P ℓ and equating P ℓ = P r (in the absence of loss), we obtain
where we used
In the last line we use now
with n = 1, 2. Then Eq. (14) can be written as
where α −1
hn are the matrices
where R = k 3 /(6πǫ 0 ). Note that Eq. (16) is in fact a sum of two quadratic forms.
Hence, a sufficient condition satisfying this equation is that these matrices be hermitian. Using again Eq. (11), the last two equations can be rewritten as (n = 1, 2)
The hermitian matrices α hn are nothing but the corresponding static polarizabilities. 3 Furthermore, borrowing from the structure of Eq. (6), one may express the inverse dynamic polarizabilities α
where R n is the radiative correction, yet to be determined. An explicit equation
can now be obtained for R n ,
Note that the radiation loss associated with each of the particle components (R 1,2
for the shell and core), depends on α -the polarizability of the entire structure.
Structure resonances
With no magnetization (B 0 = 0), the structure under study possesses two quasistatic resonances. Figure 10 shows the dipole response for a 1 /a 2 = 3 and ω p1 /ω p2 = It is seen that the results agree very well. The Faraday rotation of the net dipolar response is fully characterized by the dipole tilt and ellipticity angles ψ, θ e , as discussed in the main text. Figure 12 below shows ψ, θ e for a conventional spherical particle made of lossless Ag, under a bias magnetic field of B 0 = 1.5T and the same diameter as the outer dimension of our core-shell particle. Due to B 0 the particle's single resonance splits to two different resonance frequencies. The tilt angle is maximized at these frequencies. However, it is seen that the maximal achievable tilt is about 0.06
• . This is to contrast with the core-shell geometry where rotation angles > 20
• are obtained -see discussion and Figure 12 : Dipole tilt and ellipticity angles for a lossless Ag particle of conventional structure. The bias magnetic field is B 0 = 1.5T. ∆f = 0 corresponds to the resonant frequency of the unmagnetized plasmonic sphere ω p /(2π √ 3). The maximal achievable rotation is a fraction of a degree.
Application to Faraday rotating screen
We use the core-shell particle co construct a non-reciprocal metasurface for Faraday rotation application. The geometry and its parameters are shown and discussed in the Application section of the main text. Here, we compare the transmission coefficient results obtained by using the semi-analytical method discussed in the main text, to those of full-wave numerical simulations using the CST c . The comparison is shown in Fig. 13 for a magnetic bias strength is 1.5Tesla (i.e. the comparison is done along a horizontal line of Fig. 8 of the main text). It is seen that the results agree well.
The effect of material loss
Like in many other plasmonic applications and non-reciprocal effects, the presence of loss reduces system performances. For brevity, the present discussion is limited to the effect of loss on the performance of the "end-product" -the Faraday rotating screen. The effect of loss on the dipole rotation in a single particle is essentially the same. We characterize material loss by the parameter σ = (τ ω p1 ) −1 where τ is the dissipation time constant. provide rotations that are much larger than the rotation obtained in a single lossless Clearly, at resonance the screen transmission vanishes, hence the narrow vertical region of high tilt seen at the tilt and ellipticity panes of Fig. 18 corresponds to the case of zero transmission has no physical significance. Figures 20-21 show the same, but with σ = 10 −7 . Clearly, the core-shell structure outperforms the conventional particles structure by orders of magnitude.
Numerical simulations -details
Throughout this paper, CST software was used to perform numerical simulations. For simulating a single particle we have constructed the core-shell geometry and used the drude-model option for material properties. The structure was discretized to 260000 tetrahedral cells, and adaptive meshing was used to account for delicate field dynamics in certain domains. Stopping condition was defined by relative residual of 10 −4 . The problem was excited by a plane wave at each of the simulated frequencies.
For simulating an infinite 2D array we used the same geometrical and material model but with periodic boundary conditions. The unit cell was discretized to 300000 tetrahedral cells and adaptive mesh was used. Stopping condition was the same -10 −4 for the relative residual. The problem was excited by a plane wave at each of the simulated frequencies. corrections to the polarizability tensor of an electrically small anisotropic dielectric particle," Optics Express 18(4), 3556 (2010).
